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REFLEXPONENTS
NATHAN WILLIAMS
Abstract. Certain classical generating functions for elements of reflection
groups can be expressed using fundamental invariants called exponents. We
give new analogues of such generating functions that accommodate orbits of
reflecting hyperplanes using similar invariants we call reflexponents. Our ver-
ifications are case-by-case.
1. Introduction
In his address at the 1950 International Congress of Mathematicians [Che50,
BC55], Chevalley gave the Poincaré series of the exceptional simple Lie groups as a
product
∏n
i=1(1 + q
2ei+1). From the audience, Coxeter recognized these exponents
e1 ≤ e2 ≤ · · · ≤ en
from his earlier computations of the eigenvalues of a product of the simple reflections
of the corresponding Weyl group [Cox48, Cox51]. Such numerology has led to many
investigations [ST54, She56, Col58, Ste59, Sol63, Kos09].
1.1. Exponents in complex reflection groups. Let G be a finite irreducible
complex reflection group with reflections R and reflecting hyperplanes H, acting
in the reflection representation on the n-dimensional complex vector space V . The
exponents e1 ≤ · · · ≤ en ofGmay be defined to be the fake degrees of V—the degrees
in which V occurs in the coinvariant ring of G. The coexponents e∗1 ≤ · · · ≤ e
∗
n are
defined to be the fake degrees of V ∗. For ρ a representation of G and g ∈ G, write
Mρ(g) := dim
(
im
(
ρ(g)− 1
))
.
The following is well-known [ST54, Sol63].
Theorem 1.1. For G a finite irreducible complex reflection group,∑
g∈G
xMV (g) =
n∏
i=1
(1 + eix) and
∑
g∈G
det(g)xMV (g) =
n∏
i=1
(1− e∗i x) .
Our first result gives an analogue of Theorem 1.1 that incorporates different G-
orbits of reflecting hyperplanes, using new invariants similar to the (co)exponents.
The reflecting hyperplanes H of the group G are broken into (at most three) G-
orbitsH/G = {Hǫ}ǫ∈{s,t,u}. Choose one such orbitHǫ, and letRǫ be the associated
set of reflections. With the exception of two cases addressed in Section 5 (ǫ = t for
both G13 and G(ab, b, n) with a, b > 1 and n > 2), we find in Section 2 a particular
irreducible representation Vǫ of G that restricts to the reflection representation of
a parabolic subgroup of G supported on Rǫ. In these cases, we call the orbit Hǫ
well-restricted (see Definition 2.2); the reflexponents {ǫi}
nǫ
i=1 for the orbit Hǫ are
the fake degrees of Vǫ, while the co-reflexponents {ǫ∗i }
nǫ
i=1 are the fake degrees of
V ∗ǫ .
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Theorem 1.2. For G a finite irreducible complex reflection group and Hǫ a well-
restricted orbit of reflecting hyperplanes, there is a reindexing of the (co)exponents
by 1, . . . , n (with undefined (co)exponents taken to be zero), such that∑
g∈G
(x/y)
MVǫ (g) yMV (g) =
n∏
i=1
(
1 + ǫix+ (ei − ǫi)y
)
,
∑
g∈G
det(g) (x/y)
MVǫ (g) yMV (g) =
n∏
i=1
(
1− ǫ∗i x− (e
∗
i − ǫ
∗
i )y
)
.
Example 1.3. The dihedral group G(2, 1, 2) = 〈s, t〉 has four reflecting hyper-
planes, four reflections s, t, u = sts, v = tst, and two orbits of reflecting hyper-
planes. Its eight elements are listed in Figure 1. Both of the orbits Hs and Ht are
well-restricted, with corresponding one-dimensional representations
Vs : s 7→ −1, t 7→ 1 and Vt : s 7→ 1, t 7→ −1.
As G(2, 1, 2) has two (co)exponents e1 = e
∗
1 = 1 and e2 = e
∗
2 = 3, and a single
(co)reflexponent s1 = s
∗
1 = 2 = t1 = t
∗
1, we confirm that for ǫ ∈ {s, t}:∑
g∈G(2,1,2)
(x/y)
MVǫ (g) yMV (g) = 1+2y+2x+2xy+y2 = (1 + 2x+ y)(1 + y),
∑
g∈G(2,1,2)
det(g) (x/y)
MVǫ (g) yMV (g) = 1−2y−2x+2xy+y2 = (1− 2x− y)(1 − y).
g MV (g) MVs(g) MVt(g)
e 0 0 0
sts 1 0 1
s 1 1 0
st = us = vu = tv 2 1 1
t 1 0 1
ut = sv = vs = tu 2 0 0
ts = su = uv = vt 2 1 1
v 1 1 0
Figure 1. The eight elements of G(2, 1, 2) described by reduced
word in reflections, with the statistics MV , det, MVs , MVt used
in Example 1.3.
In Section 5 we discuss generalizations of Theorem 1.2 to non-well-restricted
orbits.
1.2. Exponents in Weyl groups. Let now Φ be an irreducible crystallographic
root system of rank n. The exponents e1 ≤ e2 ≤ · · · ≤ en of Φ may be computed
as the partition dual to the heights of the positive roots Φ+ [Kos09]. When G is a
Weyl group, the exponents match the previous definition using fake degrees (and
are equal to the coexponents). The degrees of Φ are then defined to be di := ei+1
for 1 ≤ i ≤ n.
Let W and W˜ be the Weyl and affine Weyl groups associated to an irreducible
crystallographic root system Φ of rank n. For w ∈ W or w ∈ W˜ , write ℓ(w) for
the length of a reduced word for w in simple reflections. The following is well-
known [Hum92].
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Theorem 1.4. For an irreducible crystallographic root system Φ,
∑
w∈W
qℓ(w) =
n∏
i=1
(
qdi − 1
q − 1
)
and
∑
w∈W˜
qℓ(w) = (1− q)−n
n∏
i=1
(
qdi − 1
qei − 1
)
.
Following [Mac72], our second result gives a weighted analogue of Theorem 1.4
that incorporates different lengths of roots. Normalize Φ so that the short roots have
length 1 and the long roots length r. Define the short exponents ǫ1 ≤ ǫ2 ≤ · · · ≤ ǫm
to be the partition dual to the heights of the short roots in the dual root system,
and define δi := ǫi+1 to be the short degrees. We verify in Proposition 2.7 that the
reflexponents for the hyperplane orbit corresponding to the long roots of a Weyl
group W match the small exponents of Φ.
Let inv(w) be the inversion set of w, so that ℓ(w) = |inv(w)|. We incorporate
root lengths into ℓ(w) with the statistic L (w) :=
∑
α∈inv(w) ‖α‖
2.
Theorem 1.5. For an irreducible crystallographic root system Φ,
∑
w∈W
qLS(w) =
nǫ∏
i=1
(
1 + qδi + · · ·+ qδi(r−1)
1 + q + · · ·+ qr−1
) n∏
i=1
(
qdi − 1
q − 1
)
, and
∑
w∈W˜
qLS(w) = (1− q)−n
nǫ∏
i=1
(
qǫi − 1
qǫir − 1
) n∏
i=1
(
qdi − 1
qei − 1
)
.
Example 1.6. The Weyl group of type C2 has eight elements, listed in Figure 1.
Here α2 and α1 + α2 are short (of length 1), while α1 and α1 + 2α2 are long (of
length 2), so that r = 2. As that n = 2, d1 = 2, and d2 = 4, while nǫ = 1, ǫ1 = 2
and δ1 = 3, we confirm using Figure 2 and Figure 3 that∑
w∈W
qLS(w) = q6+q5+q4+2q3+q2+q+1 =
(
1 + q3
1 + q
)(
1− q2
1− q
)(
1− q4
1− q
)
,
∑
w∈W˜
qLS(w)∑
w∈W q
LS(w)
= 1+q+q3+2q4+q5+q6+· · · =
(
q2 − 1
q4 − 1
)(
1
q − 1
)(
1
q3 − 1
)
.
w inv(w) ℓS(w) LS(w)
e ∅ 0 0
sts α1, α1 + α2, α1 + 2α2 3 5
s α1 1 2
st α2, α1 + 2α2 2 3
t α2 1 1
stst α1, α1 + 2α2, α1 + α2, α2 4 6
ts α1, α1 + α2 2 3
tst α2, α1 + 2α2, α1 + α2 3 4
Figure 2. The elements of the Weyl group of type C2, described
by reduced word in simple reflections and inversion set, with the
statistics ℓS and LS.
We give an application of Theorem 1.5 to twisted Chevalley groups in Corollary 4.1.
In Section 5 we discuss extensions of Theorem 1.5 beyond Weyl groups.
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Hα1,0
Hα1,1
Hα1,2
Hα2,0
Hα2,1
Hα1+2α2,1 Hα1+2α2,2 Hα1+2α2,3
Hα1+α2,1
Hα1+α2,2
0
13
4
2
35
6
1 7
8
3 4
6
4 5
7
8
Hα1+2α2,0
Hα1+α2,0
Figure 3. Some alcoves for the affine Weyl group of type C2; the
alcoves touching the origin (marked as a black dot) correspond to
the elements of the finite Weyl group. Alcoves are labeled by the
sum of the lengths of the roots indexing the hyperplanes separat-
ing them from the fundamental alcove (marked as a gray triagle);
under the correspondence between alcoves and elements of C˜2, this
matches the statistic LS .
2. Numerology
2.1. Complex reflection groups and degrees. Let V be a complex vector space
of dimension n. A complex reflection group G is a finite subgroup of GL(V ) that is
generated by reflections. A complex reflection group G is called irreducible if V is
irreducible as a G-module; V is then called the reflection representation of G. For
the remainder of the paper, we fix G an irreducible complex reflection group.
Let C[V ∗] be the symmetric algebra on the dual vector space V ∗, and write
C[V ∗]G for its G-invariant subring. By a classical theorem of Shephard-Todd [ST54]
and Chevalley [Che55], G a subgroup of GL(V ) is a complex reflection group if and
only if C[V ∗]G is a polynomial ring. For G a complex reflection group, the ring
C[V ∗]G is generated by n algebraically independent polynomials—the degrees of
these polynomials are invariants of G, denoted d1 ≤ · · · ≤ dn.
The coinvariant algebra is the quotient C[V ∗]G := C[V
∗]/C[V ∗]G+, where C[V
∗]G+
is the ideal generated by all G-invariants with no constant term. As an ungraded G-
representation, the coinvariant algebra is isomorphic to the regular representation
of G, and its Hilbert series is given by∑
i≥0
dimC[V ∗]iG =
n∏
i=1
qdi − 1
q − 1
.
In particular, we have the numerology |G| =
∏n
i=1 di.
2.2. Exponents. The fake degrees of an irreducible representation U of G are
the degrees in which U appears in C[V ∗]G. The fake degrees for the reflection
representation V are the exponents of G, satisfying ei + 1 = di. The fake degrees
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for its complex conjugate V ∗ are the co-exponents. Together, these satisfy the
numerology
(1)
n∑
i=1
ei = |R| and
n∑
i=1
e∗i = |H| ,
where H is the set of reflecting hyperplanes of G and R is its set of reflections.
In [Sol63], Solomon gave a uniform proof of Shephard-Todd’s Theorem 1.1, show-
ing that the (co)exponents could be read directly from the group [ST54].
2.3. Reflexponents. Recall that an irreducible complex reflection group G can
be generated by n or n+1 reflections; G is said to be well-generated if it can be
generated by n reflections. Call S ⊆ R a minimal reflection generating set if S is a
generating set of reflections of minimal size (among generating sets of reflections).
The reflecting hyperplanes H of the group G are broken into at most three G-
orbits H/G = {Hǫ}ǫ∈{s,t,u} (where we use the indexing from [Mic]). Write Rǫ for
the set of reflections whose reflecting hyperplane lies in a fixed orbit Hǫ ∈ H/G.
For a minimal reflection generating set S, set nSǫ = |S ∩Rǫ|.
Fact 2.1. For any two minimal reflection generating sets S and T , we have nSǫ =
nTǫ for each hyperplane orbit Hǫ ∈ H/G.
Proof. There is nothing to show when there is only one hyperplane orbit. The
fact is immediate for the well-generated two-dimensional complex reflection groups
G(2b, 2b, 2), G5, G6, G9, G10, G14, G17, G18, and G21. Shi and his students have
classified (congruence classes of) all minimal reflection generating sets for G(a, 1, n),
G(ab, b, n), G7, G11, G13, G15, G19, and G26 (this work is surveyed in [Shi]), from
which the fact follows. We checked the fact for G28 by computer. 
By Fact 2.1, the number of generators intersecting the hyperplane orbit Hǫ
doesn’t depend on the chosen minimal reflection generating set—we therefore de-
note this number by nǫ.
A parabolic subgroup of G is a subgroup fixing pointwise some subset V ′ of V ; its
dimension is dimV − dimV ′. When W is not-well-generated, it can happen that
any parabolic subgroup generated by reflections from Rǫ has dimension strictly
less than nǫ (this happens, for example, for a certain orbit in G13). The following
definition excludes such cases, which are revisited in Section 5.
Definition 2.2. We say that Hǫ is well-restricted if there is some parabolic sub-
group generated by a subset of Rǫ that is minimally generated by nǫ reflections.
We have the following characterization for when Hǫ is well-restricted.
Fact 2.3. For a finite irreducible complex reflection group G, Hǫ is well-restricted
except if
• G = G(ab, b, n) with a, b > 1, n > 2, and ǫ = t, or
• G = G13 and ǫ = t.
Proof. Fix S the the generating set given in [Mic] (see also [BMR97, Appendix 2]).
In each exceptional case except G13, the intersection S∩Rǫ generates the desired
parabolic subgroup. For G13 with ǫ = t (or u), nt = 2, but G13 has no parabolic
subgroup that is minimally generated by two reflections.
Consider now G(ab, b, n). If a = 1 then there is only one orbit of hyperplanes
unless n = 2 and b is even, and we are in the case of dihedral groups—but then
both Hs and Ht are well-restricted.
Otherwise a > 1. If ǫ = s, then Rs consists of the n diagonal matrices with n−1
ones on the diagonal along with a single primitive ath root of unity. Any one of
these generates a parabolic subgroup isomorphic to G(a, 1, 1) ∼= Za.
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If ǫ = t, then either b = 1 or b > 1. If b = 1, then G(a, 1, n) is well generated,
nt = n − 1 and the group generated by {t2, . . . , tn} ⊂ Rt is a parabolic subgroup
(see [Tay12, Theorem 4.2]), isomorphic to the symmetric group G(1, 1, n) ∼= Sn. If
b > 1, nt = n—but the group generated by {t2, t
′
2, . . . , tn} ⊂ Rt is now not para-
bolic (it is isomorphic to G(ab, ab, n)). In fact, it follows from the characterization
of parabolic subgroups of G(ab, b, n) given in [Tay12, Theorem 3.11] that the only
parabolic subgroups of G(ab, b, n) that are minimally generated by n reflections are
conjugate to the reflection subgroup generated by {s, t2, t′2, . . . , tn−1}, isomorphic
to G(ab, b, n − 1). In particular, any parabolic subgroup of G(ab, b, n) minimally
generated by n reflections uses a reflection from the conjugacy class Rs. 
Note that all orbits are well-restricted when G is well-generated.
Fact 2.4. When Hǫ is well-restricted, the parabolic subgroup Gǫ is unique up to
conjugacy. Furthermore, there is an nǫ-dimensional irreducible representation Vǫ
of G supported on Rǫ, whose restriction to Gǫ is the reflection representation.
Proof. Uniqueness up to conjugacy is immediate when Hǫ is the conjugacy class of
a single reflection. The result follows for the group G28 because it is the complexifi-
cation of a real reflection group (all parabolic subgroups are conjugate to a standard
parabolic subgroup); it follows by inspection for the group G26 and G(a, 1, n).
We turn now to the existence of the nǫ-dimensional irreducible representations.
The one-dimensional representations are simple to construct. The existence of
the two-dimensional irreducible representations were confirmed for G26 and G28
using [GHL+96]. We produce the representation for G(a, 1, n) with a > 1 and the
orbit Ht using the reflection representation on the copy of the symmetric group
G(1, 1, n) inside G(a, 1, n) generated by {t2, . . . , tn}. 
As in the introduction, we define the reflexponents {ǫi}
nǫ
i=1 to be the nǫ fake
degrees of Vǫ, and the co-reflexponents {ǫ
∗
i }
nǫ
i=1 to be the fake degrees of V
∗
ǫ . These
are listed in Figure 4 (the fake degrees for the infinite family were determined
in [Mal95]). An analogue of Equation (1) holds for (co)reflexponents.
Fact 2.5. Let Hǫ be well-restricted and Rǫ the corresponding orbit of reflections.
Then
n∑
i=1
ǫ∗i = |Hǫ| and
n∑
i=1
ǫi = |Rǫ|.
Proof. Case-by-case check, using Figure 4. 
2.4. Exponents and reflexponents in well-generated groups. It is known
that G is well-generated if and only if
(2) ei + e
∗
n+1−i = en + 1.
An analogue of Equation (2) holds for (co)reflexponents.
Fact 2.6. Let G be well-generated and Hǫ well-restricted. Then
ǫi + ǫ
∗
nǫ+1−i = en + 1.
Proof. Case-by-case check using Figure 4. 
2.5. Exponents in Weyl groups. Let Φ be an n-dimensional irreducible crys-
tallographic root system with simple roots ∆ and positive roots Φ+. The positive
roots are ordered by α ≤ β if β − α is a nonnegative sum of simple roots. There
is a unique highest root α˜ ∈ Φ+, defined by the property that β ≤ α˜ for any
α ∈ Φ+. If α =
∑n
i=1 aiαi, we define its height ht(α) to be the sum
∑n
i=1 ai. Then
h = ht(α˜) + 1.
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G ei/e
∗
n−i si/s
∗
ns−i ti/t
∗
nt−i ui/u
∗
nu−i
G(a, 1, n)
a>1
a−1, . . ., na−1
(n−1)a+1, . . ., 1
(a−1)n
n
a, . . ., (n−1)a
(n−1)a, . . ., a
G(m, b, n)
write m = ab
d = gcd(a, b)
a, b>1, n>2
m−1, . . ., (n−1)m−1, na−1
1,m+1, . . ., (n−1)m+1
(a−d)n
n
∗
G(2b, 2b, 2)
1, 2b−1
2b−1, 1
b
b
b
b
G5
5, 11
7, 1
8
4
8
4
G6
3, 11
9, 1
6
6
8
4
G7
11, 11
13, 1
6
6
8
4
8
4
G9
7, 23
17, 1
12
12
18
6
G10
11, 23
13, 1
16
8
18
6
G11
23, 23
25, 1
12
12
16
8
18
6
G13
7, 11
17, 1
6
6
∗
G14
5, 23
19, 1
12
12
16
8
G15
11, 23
25, 1
12
12
16
8
6
6
G17
19, 59
41, 1
30
30
48
12
G18
29, 59
31, 1
40
20
48
12
G19
59, 59
61, 1
30
30
40
20
48
12
G21
11, 59
49, 1
30
30
40
20
G26
5, 11, 17
13, 7, 1
9
9
9, 15
9, 3
G28 1, 5, 7, 11
4, 8
8, 4
4, 8
8, 4
Figure 4. The (co)exponents and (co)reflexponents for the com-
plex reflection groups whose reflecting hyperplanes break into more
than one G-orbit, using the conventions of [Mic]. The entries
marked with a star correspond to orbits that are not well-restricted
(see Section 5 and Figure 7).
Shapiro and Steinberg independently observed that the exponents ofW could be
computed by taking the partition dual to the heights of the positive roots [Ste59,
Section 9]. This duality was later uniformly explained by Kostant in [Kos09]. Anal-
ogously, we define the short exponents ǫ1 ≤ ǫ2 ≤ · · · ≤ ǫm to be the partition dual
to the heights of the short roots in the dual root system. The short exponents
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are easily computed, and are listed in Figure 5. For convenience, we define short
degrees δi := ǫi+1.
Note that when G is a Weyl group, all hyperplanes corresponding to roots of
the same length occur in the same G-orbit, and so H/G recovers the partition into
long and short roots. In fact, the reflexponents (defined using fake degrees) agree
with the short exponents (defined using heights of roots).
Proposition 2.7. Let Φ be an irreducible crystallographic root system with Weyl
group W , and let Hǫ be the orbit of hyperplanes corresponding to the long roots of
Φ. Then the set of reflexponents for Wǫ is equal to the set of short exponents of Φ.
Proof. The result follows from comparison of Figure 4 with Figure 5. 
W Diagram r ei ǫi
W (Bn) = G(2, 1, n) 2 1, 3, . . . , 2n−1 2, 4, . . . , 2n−2
W (Cn) = G(2, 1, n) 2 1, 3, . . . , 2n−1 n
W (F4) = G28 2 1, 5, 7, 11 4, 8
W (G2) = G(6, 6, 2) 3 1, 5 3
Figure 5. The exponents and short exponents for the Weyl
groups whose roots have two different lengths. Here, the short
exponents ǫi are defined as the dual partition of the heights of the
short roots in the dual root system.
Remark 2.8. When G has a presentation by reflections r1, . . . , rn with an auto-
morphism σ of the presentation with the property that σj(ri) commutes with ri,
we can “fold” this presentation of G to produce a new complex reflection group
Gσ. Then it appears that the set of (co)exponents of G is related to the union of
the (co)exponents and (co)reflexponents of Gσ—this is easily explained when G is a
Weyl group and we may use the fact that exponents are dual to the heights of roots,
but we have no explanation when G is not the complexification of a real reflection
group. (See also the discussion around [OS80, Proposition 6.1]; there may be some
connection to Springer’s theory of regular elements [Spr74, Theorem 4.2 (iii)].)
For example, the exponents of the Weyl groups A2n−1, Dn+1, D4, E6 matches
the union of the exponents and short exponents of Bn, Cn, G2, and F4, respectively.
But the exponents of the complex reflection group G25 also matches the union of
the exponents and reflexponents of G5, while the co-exponents of G25 are the union
of the co-exponents and co-reflexponents of G5.
3. Proof of Theorem 1.2
Given an orbit of hyperplanes Hǫ with Gǫ well-restricted, define the generating
functions
Mǫ(G;x, y) :=
∑
g∈G
(x/y)
MVǫ (g) yMV (g),
M∗ǫ (G;x, y) :=
∑
g∈G
det(g) (x/y)
MVǫ (g) yMV (g).
Theorem 1.2. For G a finite irreducible complex reflection group and Hǫ a well-
restricted orbit of reflecting hyperplanes, there is a reindexing of the (co)exponents
by 1, . . . , n (with undefined (co)exponents taken to be zero), such that
Mǫ(G;x, y) =
n∏
i=1
(
1 + ǫix+ (ei−ǫi)y
)
, M∗ǫ (G;x, y) =
n∏
i=1
(
1− ǫ∗i x− (e
∗
i−ǫ
∗
i )y
)
.
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Remark 3.1. Except for the case of G(ab, b, n) for b > 1, if we have ǫ1 ≤ · · · ≤ ǫnǫ
and ǫ1 ≤ · · · ≤ ǫnǫ , then the reindexing of the (co)reflexponents in Theorem 1.2 is
to add n− nǫ to the index i of ǫi. In the case of G(ab, b, n) and the well-restricted
orbit Hs, we must instead associate the single reflexponent to the exponent an− 1.
Proof. We verify the result case-by-case.
Groups with a single hyperplane orbit. The result follows from Theorem 1.1
in the case when there is a single G-orbit of reflecting hyperplanes. We are therefore
reduced to the cases listed in Figure 4.
Exceptional groups. We used a computer to verify the result for the groups
G(5), G(6), G(7), G(9), G(10), G(11), G(14), G(15), G(17), G(18), G(19), G(21),
and G(26) [The18, S+97, GHL+96].
Dihedral groups. The dihedral group G(2b, 2b, 2) has 2b reflecting hyperplanes
divided into two orbits Hs and Ht, each of size b—but both orbits give the same
(co)reflexponents. We therefore consider only the orbit corresponding to the reflec-
tion s; the representation Vs is defined by s 7→ −1 and t 7→ 1.
The identity contributes 1 to Ms(G(2b, 2b, 2);x, y) and M∗s(G(2b, 2b, 2);x, y),
while the reflections of G(2b, 2b, 2) together contribute ±b(x+ y). There are 2b− 1
elements remaining, each of reflection length 2. An element w contributes xy to the
sum if and only if w has a reduced word with an odd number of copies of s. Such
elements are of the form (st)2i−1 and (ts)2i−1 for 1 ≤ i ≤ b+12 . If b is odd, then the
long element w◦ = (ts)
b = (st)b is double counted, so that in either case we have
exactly b such elements. The remaining (b − 1) elements now each contribute y2,
giving the desired formulas:
Ms(G(2b, 2b, 2);x, y) = 1 + b(x+y) + bxy + (b−1)y
2 =
(
y+1
)(
bx+ (b−1)y + 1
)
,
M∗s(G(2b, 2b, 2);x, y) = 1− b(x+y) + bxy + (b−1)y
2 =
(
y − 1
)(
bx+ (b−1)y − 1
)
.
Even though they have only one orbit of reflecting hyperplanes, we can perform
a similar computation for the odd dihedral groups G(2b+1, 2b+1, 2) by expressing
elements as reduced words in simple reflections and substituting s 7→ −1 and t 7→ 1.
Except for the long element, reduced words are unique—as long as we choose the
reduced word for the long element using the fewest number of copies of the simple
reflection s, we obtain similar factorizations into two linear factors.
The infinite family G(ab, b, n), a > 1. Write m = ab, d = gcd(a, b), and let ζ
be a primitive mth root of unity. The group G(m, b, n) has two orbits of reflecting
hyperplanes:
Hs =
{
xi = 0 : 1 ≤ i ≤ n
}
and Ht =
{
xi = ζ
kxj : 1 ≤ i < j ≤ n and 0 ≤ k < r
}
.
The reflection representation of G(m, b, n) coincides with the group of matrices
with entries in {0, ζ, ζ2, . . . , ζm} with exactly one non-zero entry in each row and
column, such the the sum of the exponents of the nonzero entries is zero modulo b.
These may be represented as permutations decorated by integers modulo m, and
so inherit standard notions regarding permutations, such as cycle decompositions.
We prove the statement for the reflexponents for both orbits by refining the original
combinatorial argument due to Shephard-Todd [ST54, Section 9]. Recall that an
element g ∈ G(m, b, n) has MV (g) = r iff it has exactly r cycles such that the sum
of the decorating integers from those cycles is zero modulo m.
G(a, 1, n) and the orbit Ht. Consider a permutation σ with n− r + j cycles,
and designate n− r cycles to have decoration sum zero modulo a. For each cycle,
we can decorate all but one element freely. The remaining decorating integer is
forced for the cycles with decoration sum zero modulo a; the remaining decorating
integer for the other j cycles must be chosen so that the decoration sum is nonzero
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modulo a. The number of elements of G(a, 1, n) with M(g) = r is therefore
r∑
s=0
(
n− r + j
j
)
ar−j(a− 1)jStirr−j(n),
where Stirr−j(n) is the Stirling number counting the number of elements of Sn
with n− r + j cycles. For the orbit Ht, we may determine the (n−1)-dimensional
ǫ-reflection representation using the underlying permutation matrix (obtained by
replacing all roots of unity in the reflection representation by 1). Following [ST54],
we compute
Mt(G(a, 1, n);x, y) =
n∑
r=0
yr
r∑
j=0
(
n− r + j
j
)
ar−j(a− 1)sStirr−j(n)
(
x
y
)r−j
=
n∑
i=0
Stiri(n)(ax)
i
n−i∑
j=0
(
n− i
j
)
(a− 1)jyj

=
n∑
i=0
Stiri(n)(ax)
i
(
1 + (a− 1)y
)n−i
= (1 + (a− 1)y)n
n∑
i=0
Stiri(n)
(
ax
1 + (a− 1)y
)i
= (1 + (a− 1)y)n
n−1∏
i=1
(
1 +
iax
1 + (a− 1)y
)
=
(
1 + (a− 1)y
) n−1∏
i=1
(
1 + (ia)x+ (a− 1)y
)
,
where we have used the fact that
∑n
i=0 Stiri(n)q
i =
∏n−1
i=1 (1 + iq).
On the other hand, since the decoration sum is zero modulo a for the chosen
n− r cycles, the determinant of an element is given by the product of the nonzero
decoration sums times the sign of the underlying permutation matrix. To compute
the product of the nonzero decoration sums, we find the sum over all multisubsets
of {p1, . . . , pj} ⊆ {1, 2, . . . , a− 1} to be∑
{pi}∈( {1,2,...,m−1}j )
j∏
i=1
qpi = qj(1 + q + · · ·+ qa−2)j ,
which yields (−1)j upon the substitution q = ζ. We now compute
M∗t (G(a, 1, n);x, y) =
n∑
i=0
Stiri(n)(−ax)
i
n−i∑
j=0
(
n− i
j
)
(−1)jyj

=
n∑
i=0
Stiri(n)(−ax)
i
(
1− y
)n−i
= (1− y)n
n∑
i=0
Stiri(n)
(
−ax
1− y
)i
= (1− y)n
n−1∏
i=1
(
1−
iax
1− y
)
=
(
1− y
) n−1∏
i=1
(
1− (ia)x− y
)
.
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G(ab, b, n) and the orbit Hs. For the orbitHs, we can read the one-dimensional
ǫ-reflection representation from the reflection representation of g ∈ G(m, b, n) by
considering the total sum of the exponents on the powers of zeta in the matrix for
g—if the sum is divisible by a, then g contributes yMV (g); otherwise, it contributes
xyMV (g)−1. Again fixing a permutation σ with n−r+j cycles of which n−r cycles
have decoration sum zero modulo m, we need to compute the number of ways to
decorate the remaining j cycles. The number of ways to choose s elements with
repetition from {1, . . . ,m − 1} so that the sum is both zero modulo a and zero
modulo b is mj := d
(m−1)j−(−1)j
m
+ (−1)j , leaving nj := (a− d)
(m−1)j−(−1)j
m
ways
to choose s elements. We may now compute Ms(G(ab, b, n);x, y) as
n∑
r=0
yr
[
r∑
j=0
Stirr−j(n)
(
n− r + j
j
)
mr−j
(
mj +
x
y
nj
)]
=
n∑
i=0
Stiri(n)(my)
i
[
n−i∑
j=0
yj
(
n− i
j
)(
mj +
x
y
nj
)]
=−
[
(a− d)x(1 − y)n
my
+
d(1 − y)n
m
]
n∑
i=0
Stiri(n)
(
my
1− y
)i
+
+
[
(a−d)x(1+(m−1)y)n
my
+
d(1+(m−1)y)n
m
]
n∑
i=0
Stiri(n)
(
my
1 + (m− 1)y
)i
+
+ (1 − y)n
n∑
i=0
Stiri(n)
(
my(1 + (m− 1)y
(1 − y)(1 + (m− 1)y)
)i
=
(
1 + (a− d)nx+ (dn− 1)y
) n−1∏
i=1
(1 + (im− 1)y).
The identity for the co-reflexponent follows similarly. 
4. Proof of Theorem 1.5
For Φ an irreducible crystallographic root system with Weyl groupW and affine
Weyl group W˜ , define the generating functions
LS(W ; q) :=
∑
w∈W
qLS(w) and LS(W˜ ; q) :=
∑
w∈W˜
qLS(w).
Theorem 1.5. For an irreducible crystallographic root system Φ,
LS(W ; q) =
nǫ∏
i=1
(
1 + qδi + · · ·+ qδi(r−1)
1 + q + · · ·+ qr−1
) n∏
i=1
(
qdi − 1
q − 1
)
, and
LS(W˜ ; q) = (1 − q)
−n
nǫ∏
i=1
(
qǫi − 1
qǫir − 1
) n∏
i=1
(
qdi − 1
qei − 1
)
.
Proof. There are several ways to proceed directly case-by-case—for example, we
could use the uniqueness of factorization of an element w ∈W into a product of an
element from a parabolic subgroup and an element for a parabolic quotient (see,
for example, [BB06, Chapter 7])—but the easiest way to prove these formulas is by
specializing some beautiful results due to Macdonald.
If α =
∑n
i=1 aiαi expresses a positive root α as a sum of simple roots, write
Ht(α) =
∑n
i=1 ai‖αi‖
2, where we recall that short roots are normalized to have
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length 1. A specialization of [Mac72, Theorem 2.4] (which allows more freedom in
weighting the positive roots) now shows that
LS(W ; q) =
∏
α∈Φ+
q‖α‖
2+Ht(α) − 1
qHt(α) − 1
,
and the result is easily confirmed case-by-case (one can also use the explicit formulas
given in [Mac72, Section 2.2], substituting in the appropriate root lengths). The
results for W˜ follow similarly using [Mac72, Theorem 3.3]. 
Figure 6 illustrates the calculation of Theorem 1.5 for types B5 and C5.
44442
6664
8866
1088
101010
1212
1414
16
18
22224
3334
4456
566
778
88
910
10
12
22221
4443
6654
876
988
1010
1212
14
16
11112
2223
3344
455
666
77
88
9
10
Figure 6. The example calculation for the proof of Theorem 1.5,
using [Mac72, Theorem 2.4]. The two diagrams on the left repre-
sent the calculation for B5, while the two diagrams on the right
give the calculation for C5. In both cases, the bottom diagrams
contain the numbers Ht(α) for α ∈ Φ+; the top diagrams are the
numbers |α|+ Ht(α). Cancellations are denoted using color.
Corollary 4.1. Let Gσ a twisted Chevalley group of type Y over Fq, where G is
simply-laced of type X. Then∣∣Gσ∣∣ = qN nǫ∏
i=1
(
1 + qδi + · · ·+ qδi(r−1)
) n∏
i=1
(
qdi − 1
)
,
where N is the number of postive roots in a root system of type X, while {di}ni=1,
{δi}
nǫ
i=1, and r are the degrees, short degrees, and the ratio of a long to a short root
in a root system of type Y .
Proof. This follows from Theorem 1.5 by comparison with [SFW67, Theorem 35]
and [Mac72, Section 2.3]. 
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5. Future Work and Generalizations
We have certainly not found the correct proofs for Theorem 1.2, or for Theorem 1.5.
As Shephard writes in [She56]:
Sometimes a proof in general terms is known, but in the majority
of cases it has been necessary to verify the properties one by one
for all the irreducible groups over C. . . These two distinct methods
will be referred to as proving and verifying respectively.
In this language, we have only verified our theorems. But there is also evi-
dence that we have not even found the correct formulation of Theorem 1.2 (and, in
particular, the notion of well-restrictedness), as we now explain.
5.1. Extension of Theorem 1.2 to G13 and Ht. The group G13 is not well-
restricted with respect to the orbit Ht = Hu. Nevertheless, there is still a two-
dimensional (real) irreducible representation Ut of G that is supported on Rt and
restricts to the reflection representation of a (nonparabolic) reflection subgroup of
G13:
s 7→
(
1 0
0 1
)
, t 7→
(
−1 1
0 1
)
, u 7→
(
1 0
1 −1
)
The generating function recording the reflection representation V of G13 and
the representation Ut still factors into linear terms using the “reflexponents” given
in Figure 7, and these terms still encode the fake degrees of Ut and V .
∑
g∈G13
(x/y)
MUt (g) yMV (g) = (1 + 8x+ 3y)(1 + 4x+ 3y)
∑
g∈G13
det(g) (x/y)MUt (g) yMV (g) = (1− 12x− 5y)(1− y).
Remarkably, the generating function weighted by det(g) also factors into linear
terms, and recovers the fake degrees of the irreducible one-dimensional representa-
tion U ′t defined by
s 7→ 1, t 7→ −1, u 7→ −1.
5.2. Extension of Theorem 1.2 to G(ab, b, n) and Ht. The groupG = G(ab, b, n)
for n > 2 and a, b > 1 is not well-restricted with respect to the orbit Ht. Still, G
does have an irreducible representation Ut supported on Rt that restricts to the re-
flection representation of the (nonparabolic) reflection subgroup G(b, b, n). Letting
this representation Ut play the role of the restricted reflection representation Vt,
we again find a second representation U ′t (using the reflection subgroup G(1, 1, n))
that seems to play the role of V ∗t in the generating function weighted by det(g).
In particular, both generating functions factor into linear factors over Z, whose
“reflexponents” are given in Figure 7.
Example 5.1. The group G = G(6, 2, 3) has exponents 5, 8, 11, has 648 elements,
and is not well-generated by “simple reflections” s, t2, t
′
2, t3. The orbits of reflect-
ing hyperplanes correspond to the partition {{s}, {t2, t′2, t3}}. There is a three-
dimensional representation Ut coming from the group G(2, 2, 3) (the Weyl group of
type A3 ≃ D3) supported on the block {t2, t′2, t3} with fake-degrees 3, 6, 9:
s 7→ 1, t2 7→
 1 0 00 0 −1
0 −1 0
 , t′2 7→
 1 0 00 0 1
0 1 0
 , t3 7→
 0 1 01 0 0
0 0 1
 ,
14 N. WILLIAMS
and a two-dimensional representation U ′t with fake degrees 6, 12 coming from the
group G(1, 1, 3) (the Weyl group of type A2):
s 7→ 1, t2 7→
(
−1 0
0 1
)
, t′2 7→
(
−1 0
0 1
)
, t3 7→
1
2
(
1 3
1 −1
)
,
We confirm that
∑
g∈G
(x/y)
MUt (g) yMV (g) = (1 + 9x+ 2y)(1 + 6x+ 2y)(1 + 3x+ 2y),
∑
g∈G
det(g) (x/y)
MUt (g) yMV (g) = (1 − 12q − t)(1 − 6q − t)(1− t).
G ti/t
∗
m−i
G(ab, b, n) a(b−1), 2a(b−1), . . ., (n−1)a(b−1), an
(n−1)ab, . . ., 2ab, ab, 0
G13
4, 8
12, 0
Figure 7. Modified (co)reflexponents for the two not-well-
restricted hyperplane orbits (filling in the “∗”s from Figure 4). One
checks that Fact 2.5 still holds for these numbers.
T. Douvropoulos has suggested that it should be possible to simultaneously apply
Galois twists to the reflection representation and a well-restricted representation to
obtain a common refinement of Theorem 1.2 and [OS80, Theorem 3.3]. He has also
suggested generalizing the theorem in the style of [LM03, Theorem 2.3].
5.3. Extension of Theorem 1.5 to dihedral groups. We conclude with exten-
sions of Theorem 1.5. The only non-Weyl real reflection groupsW whose reflections
form more than one conjugacy class are the dihedral group I2(2b) for b ≥ 4. These
have two conjugacy classes of reflections Rs,Rt, each containing b reflections, with
corresponding positive roots Φs,Φt. Weighting these by q1 and q2, it is easy to
compute the corresponding generating function as [Mac72]
LS(I2b; q1, q2) :=
∑
w∈I2(2b)
q
|{α∈inv(w)∩Φ1}|
1 q
|{α∈inv(w)∩Φ2}|
2
= (1 + q1)(1 + q2)
(
1− (q1q2)b
1− q1q2
)
.
Weighting reflections in Rs by b and reflections in Rt by 1 (so that r = b) gives a
formula of the same form as the formula in Theorem 1.5 (now using reflexponents,
rather than short exponents):
LS(I2b; a, 1) =
(
1 + qb+1 + · · ·+ q(b+1)(b−1)
1 + q + · · ·+ qb−1
)(
q2 − 1
q − 1
)(
q2b − 1
q − 1
)
,
since the degrees of I2(2b) are d1 = 2 and d2 = 2b, and the reflexponent is b.
5.4. Possible generalizations of Theorem 1.5 to complex reflection groups.
It would be desirable to find a graded space like the coinvariant algebra—perhaps by
refining the polynomial invariants of the group, or by properly refining the cohomol-
ogy of the (complexified) hyperplane complement—that recovers Theorem 1.5 in
the case of Weyl groups, but that also generalizes the theorem to complex reflection
groups. For example, as it restricts to a reflection representation, Vǫ is amenable—
thus, the bigraded Poincaré series of [LT09, Theorem 10.29] for (C[V ∗] ⊕
∧
V ∗ǫ )
G
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seems somewhat related, perhaps by constructing an appropriate analogue of the
coinvariant algebra.
From a more combinatorial perspective, there are some results towards find-
ing “length” (or major index) statistics for complex reflection groups, so that the
resulting generating function is equal to the Hilbert series for C[V ∗]G (see, for ex-
ample, [BM97] for G(a, 1, n)). It would be interesting to extend Theorem 1.5 by
modifying such statistics.
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